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Abstract 

We identify tlie effective string scale of noncommutative Yang-Mills theory (NCYM) 
with the noncommutativity scale through its dual supergravity description. We argue 
that Newton's force law may be obtained with 4 dimensional NCYM with maximal 
SUSY. It provides a nonperturbative compactification mechanism of HB matrix model. 
We can associate NCYM with the von Neumann lattice by the bi-local representation. 
We argue that it is superstring theory on the von Neumann lattice. We show that 
our identification of its effective string scale is consistent with exact T-duality (Morita 
equivalence) of NCYM. 
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1 Introduction 



In recent studies of nonperturbative aspects of superstring theory, type IIB superstring 
is found to provide the simplest setting]^] 0. However it is difficult to obtain a realistic 
unified theory in IIB superstring at least perturbatively. Therefore we may expect that 
an entirely new type of nonperturbative compactification mechanism of IIB superstring 
exits|^^. On the other hand, a new compactification mechanism which involves branes 
has been proposed^. Since branes naturally appear in superstring theory^, such a mech- 
anism is expected to apply for IIB superstring theory. 

Noncommutative Yang-Mills theory (NCYM) has been obtained by compactifying IIB 
matrix model on noncommutative tori[^. We can simply obtain d dimensional NCYM by 
expanding IIB matrix model around d dimensional noncommuting backgrounds 0. In IIB 
matrix model, the dynamical variables are the Hermitian matrices which are interpreted as 
the space-time coordinates. A d dimensional noncommuting background corresponds to a 
d dimensional noncommutative space-time. The simplest idea for compactification in IIB 
matrix model is to postulate that the compactification down to d dimensions is realized by 
expanding the model around d dimensional backgrounds. 

In this paper we point out that Newton's force law may be obtained with four dimensional 
NCYM with maximal SUSY [NCY M4). Our argument is based on its dual supergravity 
description 0[|T^. We argue that there exists a massless bound state in the effective Hamil- 
tonian of supergravity which gives rise to Newton's force law a la Randall and Sundrum. 
Therefore NCY may be regarded as a four dimensional compactification of IIB super- 
string. The remarkable feature is that it compactifies ten dimensional superstring straight 
down to four dimensions. The compactification of matrix models has been the outstanding 
problem |p.l[ ||12|. We argue that we can obtain four dimensional gauge theory and gravitation 
with four dimensional noncommutative backgrounds in IIB matrix model. In this sense, we 
have identified the most satisfactory compactification mechanism of matrix models. It is 
also possible to obtain d + 1 dimensional NCYM theories by expanding BFSS matrix model 
around d dimensional noncommutative backgrounds in an analogous way. It may be inter- 
esting to investigate such theories through supergravity approach. However it is beyond the 
scope of this paper. 

In the large expansion of gauge theory, Feynman diagrams can be classified with their 
world sheet topology. This is a generic feature of matrix valued field theory. On the other 
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hand, string theory is perturbatively defined in terms of field theory on the world sheet. 
String theory may be nonperturbatively formulated in the large N limit of matrix models 
in view of these remarkable correspondences. IIB matrix model is such a proposal which is 
a large reduced model of maximally supersymmetric gauge theory[|l|: 

^ = -j2Tr{\[A„A^][A^,A'^] + ^^^^[A„^P]). (1.1) 

Here ip is a ten dimensional Majorana-Weyl spinor field, and and ijj are N x N Hermitian 
matrices. 

With vanishing fermionic backgrounds, the equations of motion are: 

[A^,[A„A,]]=0. (1.2) 

The following solutions correspond to BPS-saturated backgrounds: 

[A^, A^] = c- number = C^^. (1.3) 

Since we interpret A^ as space-time coordinates due to N=2 SUSY, we expect to obtain d 
dimensional space-time with d dimensional solutions of this type. We further expect to obtain 
d dimensional gauge theory. Since matrices form noncommutative but associative algebra, 
we expect a deep connection to noncommutative geometry |jl3[. In fact we have obtained 
NCYM of 16 supercharges with these backgrounds 0. Ordinary gauge theory appears as the 
low energy effective theory. Since short open strings correspond to gauge particles, we indeed 
find another evidence that IIB matrix model can describe infinite numbers of fundamental 
strings. We have further pointed out that NCYM contains nonlocal degrees of freedom which 
may be interpreted as long open strings ||l^[|l^. We have indeed shown that they give rise to 
gravitational interactions at the one loop level as it is expected in superstring theoryp|[p!5[|. 

Since NCYM seems to contain the both gauge theory and gravitation, it is very likely 
that it is equivalent to superstring theory in a particular background. The major issue here 
is the renormalizability of NCYM We have shown that the high energy behavior of 



NCYM is equivalent to large gauge theory by using the bi- local field representation ||15 
Although it also exhibits long range interactions which we interpret as gravitation, it is very 
likely that NCYM exits at least for d < A. 

NCYM is often argued to be the low energy limit of string theory with constant h^j_i, field 
T6| [|T^ |]19| 1^ . However long range interactions are found due to the presence of long 



'open strings' which might signal the presence of 'closed strings' ill [|T1] l^TI |^ ||33| |3J] . These 
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issues are currently under active investigations In this paper we propose 

that NCYM is superstring theory on the von Neumann lattice whose effective string scale 
a'^jj- is set by C^u- 

The organization of this paper is as follows. In section 2, we argue that Newton's force 
law is obtained with NCYM4. Since it is a nonperturbative problem, we study its dual 
supergravity description. In section 3, we briefly summarize our formulation of NCYM 
as twisted reduced models. In section 4, we estimate the string tension of NCYM using 
the formalism of section 3. We find that our estimate is consistent with string theoretic 
expectations in section 2. In section 5, we investigate the graviton exchange process by the 
one loop perturbation theory. We conclude in section 6 with discussions. 

2 NCYM4 as a unified theory 

In this section, we argue that NCYM4 contains four dimensional gauge theory and grav- 
itation. It is clear that NCYM contains ordinary gauge theory since the noncommutative 
phases become ineffective at tree level in the low energy limit. The remarkable possibility 
is that it may also contain gravitation. We first observe the long range interaction at the 
one loop level which is specific in NCYM. It can be interpreted as gravitational interaction 
in IIB superstring as it is explained in section 5. In string theory, closed string exchanges 
should be visible at open string one loop level. Therefore this phenomenon is another stringy 
feature of NCYM. Although we can see the glimpse of closed strings at the one loop level, we 
need to understand the quantum effects to all orders to investigate the gravitational sector 
of NCYM^. 

In order to study such a problem, we recall the supergravity solution of m coincident 



D3-branes with the constant NS B field strength &[10 



/I I goom.a'^(l+a'^fe^) ^ 

—ds^ = — (1 + ^^^^ -)^( + dr^ + r^dQl 

a' a'^ r4 1 + g^"!" 

h b 
Bo = j^dx A dy -\ j^-dz A dr, 
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Co = -i- 



1 TTi 

^0123. = (2-1) 

Here Qoo is the dilaton expectation value at r = oo. x denotes four dimensional space-time 
coordinates in this section. 

These background fields appear in the Euclidean IIB supergravity action: 

Sub = Smq + Sfj. + Scsi 



Sns = ~Jd''x^e-^'^{R + Ad,cj)d''^-^H; 
Sr = \jd'\^g{F^ + Fl + \Fll 



Scs = \ l C.AHsAFs, (2.2) 



where 



-^3 = -^3 — C*o A H3, 

F5 = F,-^C2AHs + ^B2AFs. (2.3) 

We identify the r dependent metric in eq.( |2.1| ) as the four dimensional metric for 
fundamental strings: 

= (1 + (2.4) 

We postulate that D3-branes are located at the maximum of Qajs , namely at the 'boundary' 
r = (gQoma''^Y^^. Since open strings live on the D3-branes, we identify the open string metric 
Gaf3 with Qajj at the 'boundary' as 

G,^~(1 + «'V)^(5„^. (2.5) 

Eq.( |2.1| ) indicates that fundamental string metric grows at smaller r. This phenomenon 
may be interpreted that closed strings become dynamical due to the quantum effects in 
NCYM. The graviton exchanges we find at the one loop level in section 5 support such an 
interpretation. We consider the case that the noncommutativity scale /jvc is much smaller 
than the string scale Is- Let us focus on the physics at the noncommutativity scale by letting 
a' 00 but keeping b,r 0{1). Although it might appear to be a strange limit, it is 
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equivalent to consider the standard a' ~ ^^'^.x^, ~ e^^'^x^.h - ■ ^ ^ 



point is that open string metric is given by eq. (|2.5| ) as a'b in this hmit. 
The Polyakov action for fundamental strings becomes in such a limit as 



J cPzGo^pdx^'dx'^ + j dhb^pdox^'dix'^ + ■■■ 

^ bj rf2^((9ox„(9ox" - dix^dix"") + J d^zb^pdox^'dix'^ + ■■■. (2.6) 

So the Hamiltonian for open strings behaves like 

+ knk, (2.7) 

where c = 1/b and Uk denote the number operators of the oscillator modes. Here we find 
that the noncommutativity scale now acts as the effective string scale! 

Supergravity description of U{m) NCYM4 may be obtained by considering large a' and 
small Qoo limit while keeping A = goo<y''^b'^ fixed [p!0|]: 



V ^4 ^(1 + 2^)' 

^ds^ = i^)HY$^ + dr^ + r^dnl), 



^2 = ^ rnx^ dx A dy + ^ rnx^ dz A dr, 

4 



Co 



0123r 



r 

1 m 



Here we have also put 6=1 which implies that the noncommutativity scale l^c is 0(1). 
Since we are looking at the vicinity of the D3-branes in this limit, we expect to find massless 
open strings. However we also find oscillator modes since the effective string scale is set by 
Inc as in eq. ( |2.7|) . 

We recall that there is a crossover at the noncommutativity scale Inc in NCYM. When we 
consider the Wilson loops, we find that the planar diagrams dominate at larger momentum 
scale than I /Inc and the diagrams of all topology contribute in the opposite limit |2^. It 
may be interpreted that the string coupling (dilaton expectation value) is scale dependent. 
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It is because in our IIB matrix model conjecture, the tree level string theory is considered to 
be obtained by summing planar diagrams and string perturbation theory is identified with 
the topological expansion of the matrix model. With this interpretation, the string coupling 
grows as the relevant momentum scale is decreased while it vanishes in the opposite limit. 
In the D brane interpretation, the small momentum region corresponds to the vicinity of the 
brane, while the large momentum region corresponds to the region far from the brane since 
the Higgs expectation value plays the same role with the momentum scale. In this sense e'^ 
in eq.Q behaves just like the NCYM^ Hil. 

The small r behavior of eq.( p.8|) is identical with ordinary AdS/GFT correspondence if 
we identify A as the coupling of ordinary Yang-Mills theory 0. This result is reasonable 
since the low energy limit of NCYM4 contains ordinary gauge theory with precisely the 
same relation between the coupling constants. It is because in string theory the coupling of 
NCYM4 is given by A = gooO^'b"^ when a' is large. 

We may now resort to the standard argument to justify the supergravity description as 
follows. Since mX sets the radius of 'AdS^ and S5, supergravity description is valid in the 
strong 't Hooft coupling limit of NCYM4. The mass scale for the Kaluza-Klein modes can 
be estimated to be of order 1/ (mXy^'^lNc- We need to consider large m limit also in order 
to keep the dilaton expectation value to be small. As we have argued, the mass scale of the 
oscillator modes is set by the effective string scale as 1/Inc- 

In order to investigate the gravitational interaction, we introduce external energy mo- 
mentum tensor T^,^. As an explicit example, we may consider the photon-photon scattering 
on the 'brane' as in section 5. Having such a case in mind, we assume that the indices of 
the nonvanishing components of T^is run over four dimensional space-time coordinates. We 
also assume that it is traceless in the four dimensional subspace. There is an ambiguity 
concerning its dilaton dependence. It may be natural to assume that it contains the factor 
from string theory point of view. However such an ambiguity does not change the main 
conclusions in this section. 

We may adopt the coordinate system where the five dimensional subspace (x, p) is con- 
formally flat 



^ds^ = (mA)5(A(p)(rff2 + rfp2) + dnl). (2.9) 

a 



Since 



drJl + —, (2.10) 
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we find that 



A{p) ~ l/p2, p ^ ±00. 



(2.11) 



It has the unique maximum at p = (r = (mA)^/^). It is illustrated in Figure 1. Our 



Figure 1: Conformal factor A{p) is plotted as a function of p. m\ is set to 1. 

strategy is to expand the metric and equations of motion around the classical solution to the 
first order of the fluctuation. In the following investigation, we use the formalism developed 
in ||2l|. We parametrize the metric as Qnpie^Yy where g^^ is the background metric and 
h'' p = (traceless). The tensor indices are raised and lowered by the background metric. 
This formalism explicitly separates h^u from the conformal mode of the metric. 
The equation of the motion with respect to h^^ is 



where k = e'^. We have suppressed the contributions from the R-R sector. The advantage 
to consider the four dimensional traceless energy momentum tensor T^^, is that all other 
equations of motion are satisfied to the first order of h'^i^. In this sense it minimally excites 
gravitons. 

^We use the sign conventions for the curvature tensors of Misner, Thorn and Wheeler in this paper while 
those of 't Hooft and Vcltman||2^ have been used in ||2^. Although the signs of the Ricmann tensor are the 
same, those of the Ricci tensor and scalar curvature are the opposite in these conventions. 





= K' 




(2.12) 
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Eq. ( [^■12D is expanded to the first order of h'^u as 



1 11 
-VV - -h^P --h 



2 1^ " ^ 

K^T^^. (2.13) 



In tlie coordinate system of eq.( |2.9| ), it is consistent to assume that the tensor indices of the 
nonvanishing /i"^ resides in the four dimensional space-time since the tensor indices of T"^ 
are also four dimensional. It is also consistent to assume that = since = 0. We 
also adopt the h""^ = gauge. 

Our strategy is to first study the following free equation of motion for /i"^ in the ten 
dimensional curved space-time: 

^V^V^/i-^^ = -K^T'^f,. (2.14) 



Eq.( p.l4D can be rewritten as: 



The Hamiltonian is 



H = -Ad^^g^'^d.. (2.15) 
V9 



H = --4t^(V^ + It + + (2.16) 

(mA)2 op^ 2 A dp 



where A' = OA/ dp. The symbols and U' denote the Laplacians on and respectively. 
We can further simplify eq. ( p. 151) by the similarity transformation as 

HAho,p = 2kM3T„^, 
H = A'/'^HA-'/^ 

^ ^i^" + ^-A + + AL'). (2.17) 



{mX)2' 9p2 A A 16^2 

We concentrate on the S wave on 5*^ in what follows. The eigenfunction of H is found to 
be exp{ik-x)(f)i with the eigenvalue (mX)^ (k'^+Ei). Note that Ei acts as the four dimensional 
mass of the various modes. It can be obtained by solving the following quantum mechanics 
problem 

. 52 3 A" 3 A'\~ ^~ , , 

+ ^-r - ^-^)(t> = E<p. (2.18) 



dp^ A A 16 
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Let us introduce a super-charge 

Since the relevant Hamiltonian can be embedded in Q^, we only need to solve = to 
find the zeromodes. The solution is 

= et/<^''(^). (2.20) 

We conclude that there is a single zero energy bound state with the conformal factor A of 
our type as follows 

00 = ^^. (2.21) 

Such a zero mode corresponds to a massless field in four dimensions. 
The propagator in this basis is 

G{x, I/) = ^ < > < n|y >, (2.22) 

where |n > is the eigenstate of H with the eigenvalue En- We may adopt the vacuum 

saturation type approximation by only considering < x\n >= exp{ik-x)(f)Q as the intermediate 
states. In this way we obtain the propagator of massless fields in four dimensions: 

G{x,y) - j d^kexp{ik ■ {x - y))^(j)Q{p)(l)o{p') 

^ Up)W)- (2.23) 



[x-yY 

As the final result of these investigations, we find the following gravitational interaction: 
-^/rfi°xAt(p)T/(f,p)/.^(f,p) 
= -/ A / d^V^(p)r/(f,p)0o(p)^^4^0o(p')«^'(p')7^"/3(y,p')^^(p') 
~ -R' I d'x I d'yf^{x)f^{y)j^^^. (2.24) 

We have introduced the four dimensional energy momentum tensor 

f^{x) = I dpdn,T"p{x,p)A-2ip). (2.25) 

The interaction between them is of the four dimensional graviton exchange type with the 
gravitational coupling k — k{0). 
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Here we remark on the Hermiticity of the Hamiltonians in eqs. ( |2.16D and ( |2.18| ). The 
latter is Hermitian with respect to the trivial norm since 

'^P'^^Wp-'A-A^^Wp^'A-A^'^ 

It is translated into the Hermiticity condition on the former after the similarity transforma- 
tion as 

where (f) = A^^^^cp. Therefore our Hamiltonian is positive definite with respect to the natural 
norm defined by the string frame metric g^^. In this sense our important physical input is 
our identification of the physical metric with string frame metric Qf^^- We have checked that 
our zero mode remains the exact zero mode after taking account of other terms in eq.( |2.13D . 

Therefore we argue that we can obtain four dimensional gravity with NCYM4 a la 
Randall-Sundrum[||. Since not only the metric but also the dilaton expectation value (string 
coupling) rapidly decay in the large r region, we expect that there is essentially nothing 
outside the noncommutativity scale transverse to the 'brane'. In fact we have postulated 
this kind of 'compactification' mechanism in the matrix models We have expected 

that four dimensional gravitation is obtained if the eigenvalue distribution of the matrices 
are four dimensional. It is because the matrices represent space-time coordinates in our 
proposal. In our interpretation, there is simply nothing outside the support of the eigenvalue 
distributions, not even space-time. 

We observe that this Euclidean solution can be analytically continued into Minkowski 
space-time only in the small r region. One possible interpretation of such a solution is to 
maintain that Minkowski space-time appears from NCYM4 as its low energy approximation. 
We may identify the noncommutativity scale with Planck scale if we apply this model to 
our space-time. Although the Lorentz invariance is broken at the noncommutativity scale 
in this model, such a possibility is not excluded by the experiments. Therefore NCYM4 is 
a candidate of the unified theory of interactions. We explain in the subsequent sections that 
IIB matrix model naturally provides us with such a theory. We still need to solve many 
problems such as breaking SUSY and finding chiral fermions to construct a realistic unified 
theory. We hope that these problems can be solved by further investigations in IIB matrix 
model. 
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3 Noncommutative field theories as twisted reduced 
models 



In this section we briefly recapitulate our formulation of NCYM through large reduced 
models. We have pointed out that well-known twisted reduced modelsp3[ ||2^ Qare equivalent 



to NCYM. This connection is further studied in[^|^|38|. We consider d dimensional U{n) 
gauge theory coupled to adjoint matter as an example: 

S = -l d''x^Tri^[D„D,][D„D,] + ^ijT,[D„^]), (3.1) 

where ip is a Majorana spinor field. The corresponding reduced model is 

S = -^Tr{^[A„A,][A„A,] + ^^PT,[A„^P]). (3.2) 

Now A^ and are n x n Hermitian matrices and each component of is d-dimensional 
Majorana-spinor. 

We expand = + around the following classical solution 

[Pt^,Pu] = iBf^u, (3.3) 

where -B^jy are c-numbers. We assume the rank of B^^ to be d and define its inverse C^'^ in 
d dimensional subspace. The directions orthogonal to the subspace is called the transverse 
directions, satisfy the canonical commutation relations and they span the d dimensional 
phase space. The semiclassical correspondence shows that the volume of the phase space is 



Vp = n{2TTy/^VdetB. 

We Fourier decompose d^ and ip fields as 

k 

^ = Y.^{k)exp{iC^''k^p,), (3.4) 

k 

where exp{iC^^k^py) is the eigenstate of adjoint = [p^, ] with the eigenvalue k^. The 
Hermiticity requires that d*{k) = d{—k) and il)*{k) = ipl—k). 
We can construct a map from a matrix to a function as 



a — > aix] 



a{k)exp{ik ■ x), (3.5) 



^The relevance of reduced models and string theory was first recognized in[p6[p7 
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where k ■ x = k^x'^. By this construction, we obtain the -k product 

db a{x) -k b{x), 
a{x)-kb{x) = exp{^-^^^)a{x + C)b{x + ri)\^=r,=o- (3.6) 

The operation Tr over matrices can be exactly mapped onto the integration over functions 
as 

Tr[d] = VdetB{—)^ f d^xa{x). (3.7) 

The twisted reduced model can be shown to be equivalent to NCYM by the the following 
map from matrices onto functions 

d — > a(x), 

db — > a{x) -k b(x), 
1 



Tr VdetB{—)^ / d'^x. (3.8) 

The following commutator is mapped to the covariant derivative: 

[P/x + o] -9^o(x) + a^(x) -k o{x) - o{x) kr a^(x) = [D^, o{x)], (3.9) 

We may interpret the newly emerged coordinate space as the semiclassical limit of x'^ = 
C^'^py. Therefore we can interpret as momenta as well in JIB matrix model with non- 
commutative backgrounds since x and p are linearly related. It is the reflection of the 
remarkable T-duality property of the theory. The space-time translation is realized by the 
following unitary operator: 

expiip ■ d)x^exp{—ip ■ d) = x^ + d^. (3.10) 



Applying the rule eq.( p^) , the bosonic action becomes 



-Tr\A^, Aiy] [A^, Ay\ 



dnB^ r——, 1 r 1 ,1 



-Vd^{—)l f d'^x-{-[D^,Dp][D^,D^] 



V 27r' J g^'A 

+ ^[Da,Vu][Da,Vu] + ^[<^u,Vp]['^u,<^p])*- (3.11) 

In this expression, the indices a,f3 run over d dimensional world volume directions and z/, p 
over the transverse directions. We have replaced — * (p^ in the transverse directions. Inside 
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( the products should be understood as -k products and hence commutators do not vanish. 
The fermionic action becomes 

^TrtljT^[A^,ilj] 

1 r 1 



)i f A-(v5r„[D„,^] + ^r,[(^,,7/>]),. (3.12) 
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We therefore find noncommutative U(l) gauge theory. In order to obtain NCYM with U{m) 
gauge group, we need to consider new classical solutions which are obtained by replacing 
each element of by the m x m unit matrix: 

Pfi ^ P^l®'^m■ (3.13) 

The Hermitian models are invariant under the unitary transformation: —>■ UA^U\ — > 
UipU'^ . As we shall see, the gauge symmetry can be embedded in the U{N) symmetry. We 
expand U = exp{iX) and parameterize 

\ = Y,Kk)exp{ik-x). (3.14) 

k 

Under the infinitesimal gauge transformation, we find the fiuctuations around the fixed 
background transform as 

fl/x af, + i[pf„\]-i[d^,\], 

^ ij-i[ij,X\. (3.15) 

We can map these transformations onto the gauge transformation in NCYM by our rule 
eq.(il): 

d 

cta{x) aa{x) + ^— ^A(x) — iaa{x) -k A(x) + i\{x) -k aa{x), 
(Pu{x) (pu{x) - iip,y{x) -k X{x) + iX{x) -k (pu{x), 

ip{x) — ^ ip{x) — iip{x) -k A(x) + iX{x) -k ip^x). (3.16) 



We have introduced another representation of matrices ||15||. For simplicity we consider 
the two dimensional case first: 

[x,y] = -iC. (3.17) 

This commutation relation is realized by the guiding center coordinates of the two dimen- 
sional system of electrons in magnetic field. We recall that we have n quanta with n dimen- 
sional matrices. Each quantum occupies the space-time volume of 2ttC. We may consider 
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a square von Neumann lattice with the lattice spacing l^c where tj^^ = 27rC. This spacing 
/tvc gives the noncommutative scale. Let us denote the most localized state centered at the 
origin by |0). It is annihilated by the operator x~ = x — iy. We construct states localized 
around each lattice site by utilizing translation operators \xi) = exp{—ixi ■p)\0). They are 
the coherent states on a von Neumann lattice Xj = Ij^fcif^i^^ + frti^^) where n,m & Z. The 
generalizations to arbitrary even d dimensions are straightforward. 
We evaluate the following matrix elements 

2 (Xi — X ■ 1 ^ 

pij = {xi\xj) = exp{-B^^x'^x'<)exp{ ' ). (3.18) 

Although \xi) are non-orthogonal, {xi\xj) exponentially vanishes when (xj — XjY gets large. 
We also find 

{xi\exp{ik ■ x)\xj) = exp{ik ■ ^ ^j) _^ Lj^ ncfx'')exp{-— — ^ — (3.19) 

2 2-' 4G 

where d'^ = C^'^k^. This matrix element sharply peaks at Xi — xj = d. It supports our 

interpretation that the eigenstate exp{ik ■ x) with \k^\ > 2t[ jl^^c can be interpreted as string 

like extended objects whose length is \C^^kJ\. When < 271/1^0-, on the other hand, this 

matrix becomes close to diagonal whose matrix elements go like 

{xi\exp{ik ■ x)\xj) ~ exp{ik ■ Xi){xi\xj). (3.20) 

It again supports our interpretation that exp{ik ■ x) correspond to the ordinary plane waves 
when |/^^| < 271/1^0- They are represented by the matrices which are close to diagonal. 

We may expand matrices (p in the twisted reduced model by the following bi-local basis 
as follows: 

(/^ = '^4>{xi,Xj)\xi){xj\, (3.21) 

where the Hermiticity of implies (f)*{xj,Xi) = (j){xi,Xj). The matrices represent or iJj 
in the super Yang-Mills case but the setting here is more generally applied to an arbitrary 
noncommutative field theory. The bi-local basis spans the whole degrees of freedom of 
matrices. ^ 

Here we work out the translation rule between the momentum eigenstate representation 
4> = Y.k't'{k)exp{ik ■ x) and the bi-local field representation of eq. (|3.21| ): 

(j){k) = —Tr{exp{—ik ■ x)(j)) = —^^{xi\exp{—ik ■ x)\xj) (f){xj,Xi) 
^ ^ id 

^Bi-local fields have also appeared in c = 1 string theory |^ |4^ . 
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Small momentum local mode 




Large momentum non-local mode 



Figure 2: Noncommutative fields are represented as bi-local fields on the von Neumann 
lattice with the lattice spacing l^c- Small momentum modes {\k\ < 211/1^0) represent 
ordinary (commutative) fields. Large momentum modes {\k\ > 27r//jvc) represent bi-local 
'open strings' which are highly nonlocal. Only a fraction of the full momentum (|A;^| < 
2vr//7vc) can be interpreted as the momentum associated with the center of mass motion of 
an 'open string' on the von Neumann lattice. In the figure, 6d^ = C^^k^. 



= -y24>{xc,d)exp{-ik ■ Xc), 

(j){xc,d) = exp(^g^^x^x^)exp(- '^^'"^^^^ Xi), (3.22) 

where Xc = {xi + Xj)/2 and Xr = Xi— Xj . From eq. ( p.22|) , we observe that the slowly varying 
field with the momentum smaller than 27T/li\fc consists of the almost diagonal components. 
Hence close to diagonal components of the bi-local field are identified with the ordinary 
slowly varying field 0(xc). On the other hand, rapidly oscillating fields are mapped to the 
ofT-diagonal open string states. A large momentum in the z/-th direction > 2tt/Inc 
corresponds to a large distance in the /x-th direction = \C^'^k^\ > l^c- 

We can decompose d a.s d = do + 5d where do is a vector which connects two points on the 
von Neumann lattice and \5d^\ < Inc- This decomposition is illustrated in Figure 2. Then 



the summation over x^. in p.22|) is dominated at Xr = d^. In this way the large momentum 



degrees of freedom are more naturally interpreted as extended open string-like fields. They 
are denoted by 'open strings' in this paper. In this representation, we make contact with 



the quenched reduced models [£3| in the large momentum region. 

Here we remark the important property concerning the infra-red and ultra-violet cut- 
offs of NCYM constructed with n dimensional matrices. Since the unit lattice size of the 
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von Neumann lattice is Inc, the total lattice size is Inc^^^'''- It implies that the maximum 
momentum is 27rn^/'^//ivc by using the relation = B^^x'^ . It in turn implies that the 
minimum momentum of the system is ^tx jri}IH^c since we have momentum modes. The 
matrix model construction of NCYM implies very natural infra-red and ultra-violet cut-offs 
which disappear in the large n limit. 

4 Estimations of the string scale 

In this section, we estimate the string scale a'^^^ in IIB matrix model with noncommuta- 
tive backgrounds. We have explained that the von Neumann lattice naturally appears in the 
preceding section. We argue that NCYM is superstring theory on the von Neumann lattice. 
We first give the arguments based on the tree level propagators. We then explain that our 
claim is supported by T-duality arguments. We give another evidence for it by investigating 
graviton exchange processes in the next section. 

As we have shown in the preceding section, the momentum which can be associated with 
the center of mass motion of an 'open string' is not full /c^ but rather = B^ydd^ . There we 
have decomposed = C^^ki, a.^ d = + 5d where df) is a vector which connects two points 
on the von Neumann lattice and \5d^\ < Inc- We can indeed represent (t){k) of eg. ( p.22| ) as 



follows: 

d) = - ^ (p{xc, d)exp{-ik'' ■ Xc). (4.1) 

It is because 

ea;p(-?5^,rf^x^) = 1. (4.2) 

We interpret 0(A;'^, d) as the creation-annihilation operator for the open string with momen- 
tum k'^ and length d. 

We consider the following tree level propagator: 

^ < (f>{—k)(f){k) > expiikoT) ~ exp{—mT) (4.3) 

ko 

where fco and k denote time-like and spatial momenta respectively in this section. The mass 
term is conventionally identified with the zero spacial momentum limit of the correlator 
eq.([4.3|). In order to relate it to the mass of an 'open string', we consider a state with ki < 



2vr//Ar(7 < k2, k^. Such a state is extended in (x^,x^) plane with the length / = C^kl + k1. 
As we have argued, the momentum which can be associated with the center of mass motion 
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of an 'open string' is not full k but rather k'^. We find m ^ Bl from the zero momentum 
limit {k^ — 0) of the correlator eg. ( [4.3|) . From these considerations, we propose to identify 
the mass of the state with the length / >> l^c as Bl. We recall that an open string with the 
length / has the mass of l/2TTa'. Therefore we find li^a'^^^ = C with such an identification. 

We remark that our estimate is consistent with the string theory arguments. From 
eq.( |2.7| ), we have indeed found that the a'^j^ ~ c in section 2. A hint for such an identification 



has been found in a finite temperature investigation in ||S3|. Our estimate is also consistent 
with the space-time uncertainty principle of Yoneya[^. 

It is certainly true that we obtain NCYM in the low energy limit of string theory with 
hfj^i, backgrounds. In such a limit, we retain only those degrees of freedom whose masses 
are smaller than the string scale. However in IIB matrix model with noncommutative back- 
grounds, we also find very high energy modes which may be interpreted as long 'open strings' 
due to the relation = C^'^Pu. As can be seen in eq.( p^.7| ) they are as massive as oscillator 
modes if their lengths exceed Inc- We therefore emphasize here that our formulation is not 
a low energy limit of string theory. The graviton exchanges are observed only because we 
have very long 'open strings' in the matrix model. To put it differently, infrared singular 
behaviors are observed in noncommutative field theory only if we consider the ultra-violet 
cut-off which is much larger than the noncommutativity scale. It is the reason why closed 
strings do not decouple in such a formulation. 

In our picture, we interpret the bi-local fields as the zero modes of open strings. We 
classify the zero modes as 'momentum modes' and 'winding modes' as follows. We recall 
the von Neumann lattice \xi > which is constructed by the generators of the translation 
operators = exp{—iliycGfi -p)- We can 'compactify' the theory by imposing the following 
conditions for fluctuations 

= U.^Ul (4.4) 

In this T-dual picture, the von Neumann lattice can be identified with the lattice spanned 
by the winding modes. We thus classify those modes as 'winding modes'. We have explained 
that k^ can be interpreted as momentum modes which can be associated with the center 
of mass motion of 'open strings' on the von Neumann lattice. We thus classify them as 
'momentum modes'. 

In string theory, the introduction of constant background is known to interpolate 
the Neumann and Dirichlet boundary conditions. In the large and small b^j^^ limit, we 
find Dirichlet and Neumann boundary conditions respectively. We find only 'winding' and 
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'momentum' modes in these limits. If we expand IIB matrix model around the commutative 
backgrounds, we only find 'winding' modes. In string theory we also find only 'winding' 
modes if we consider strings which connect D instantons. The advantage of noncommutative 
backgrounds is that we find the both 'momentum' and 'winding' modes. 

Since we have found the both 'momentum' and 'winding' modes, it is no surprise that the 
theory possesses T duality. The remarkable property of NCYM is the existence of Morita 
equivalent pairs . We propose that two Morita equivalent theories can be related 



by the exchange of the 'momentum' and 'winding' modes. 

We have argued that the 'winding' modes of NCYM span the von Neumann lattice 
whose lattice unit size is Inc- The total lattice size is may reinterpret it as 

the maximum momentum jl^c of the dual lattice. The dual lattice possesses the unit 

lattice size of If^cl^^'^- We consider a twisted large iV reduced model on such a lattice. 
In this way we find a pair of theories with the compactification radii R = l^c^^^'^ /'^'^ 
and R' = Inc/^^^^'^'^- They are related by the duality transformation R' = a'^^^/R with 
27ragjj = C. Next we recall that the 'momentum' modes of NCYM are quantized in the unit 
of Inc /n^^'^C . We can naturally reinterpret them as the 'winding' modes of the dual lattice. 
These winding modes can be obtained by introducing the unit magnetic fiux in U{n) gauge 
theory by imposing twisted boundary conditions. In this sense NCYM and twisted reduced 
models are Morita equivalent . 



We remark that the T-duality transformation we have discussed is expressed by the 
following open string metric transformation in string theory pO| 



G^,^Q>'''Gp„{Q'Y'' (4.5) 

where Q^'^ = C^'^ / {2txR^) ~ l/n^/*^. Our interpretation is that the two metrics which are 
related by the T-duality transformation in eq.( [4.5| ) describe two tori we have just constructed. 
We conclude that our estimate of the inverse string tension = C is also supported 

by the T-duality arguments. We argue that this is the exact result since it is obtained from 
the exact T duality property of the theory. 

5 Graviton exchange processes 

In this section, we study gravitational interactions in IIB matrix model with noncommuta- 
tive backgrounds. To be specific, we consider photon-photon scattering via exchange of a 
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graviton. This process can be studied by considering block-block interactions. Namely we 
consider the backgrounds of the following type: 

where and a'^ denote the backgrounds which represent two colliding photons. 
The one-loop effective action of IIB matrix model is 

ReW = \rr\og{Pl5,. - 2iF,,) - \rr\og{{Pl + ^F,.r^^)(^^)) - Tr\og{Pl). (5.2) 

Here and F^j^ are operators acting on the space of matrices as 

P,X = [p„X], 

F,uX = [U.,X], (5.3) 

where f^^, = i[Pfj,,Pu]- Now we expand the general expression of the one-loop effective action 
( ^.2| ) with respect to the inverse powers of the relative distance between the two blocks. We 
quote the general expression in what follows [|l|: 

W = —Tr (y-p^F^y—Fy\—Fxp—Fp^ 
~'^'Fr (yj^Fpi,—F\p—Fpp—F\y 



+ + 0{{Fp^f). (5.4) 

Since Pp and F^^, act on the [i,]) blocks independently, the one-loop effective action W is 
expressed as the sum of contributions of the («, j) blocks W'^'^'^\ Therefore we may consider 
W^'^'^^ as the interaction between the i-th and j-th blocks. 



Using (|5.4|) we can easily evaluate W'^'^'^'^ to the leading order of l/w ((i(*) — (i(J'))^ as 



1 



^{^,3) = -{-Tr'^^^\Fp,F,xFxpFpp)-2Tr'^'^^\Fp,FxpFppF; 



lyO ■ ■ ' < • • ■ - • , , , > 

^hrr^'^^\Fp,Fp,FxpFxp) + h:r^''^\Fp,FxpFp,Fxp) 
^(-n,6s(/«)-n,68(/(^)) 

-^Tr{f^lf^})Tr{fl^)& + Tr{f^lf^l)TT{f%^f^^)\ (5.5) 
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where 

2 11 

h{f) = ■^{Tr{f^^fyxfxpfp^) + '2,Tr{f^i,fxpf^pf\u) — -Tr{f^^f^^fxpf\p) — -^r{f^^fxpf^ufxp))- 

(5.6) 

So the photon-photon scattering amphtude which corresponds to nonplanar diagrams in 
noncommutative gauge theory is 

^(-8Tr(/«/«)Tr(4?/(i)) + Tr{f^}f^l)Tr{fl^J&) 

3,1 < J„J a f ,J f 1 



d^x J Sy- 



2'27r' J J {x-yf 

{-^tr{fp,{x)U„{x))tr{fpp{y)fpM) + tr{fp.{x)r{x))tT{fpMr{y))}. (5-7) 



where we have used our mapping rule eq. 

We consider the scattering of two incident photons with the wave functions 

e{p) pexp{ip ■ x) , e{q)pexp{iq ■ x), (5.8) 

where = = and p ■ e{p) = q ■ e{q) = 0. In this case 



ft^uip) = Ppe{p)^-p^e{p)p, 
ff^p{p)f'"'{-(l) = -Pt^Q ■ e{p)e{-q)^ - q^p ■ e{-q)e{p)p 

+Pfique{p) ■ e{-q) + e{p)pe{-q)^p ■ q. (5.9) 

If we consider the forward scattering limit k = p — q ^ 0: 

fMn-q)^P,Pu, (5.10) 

we find only graviton exchange in this limit. 

- 12{^fB'~' I d^x I d'yj-^^tr{fpp{x)r{x))tr{f,Mr{y))- (5-11) 

This expression reminds us the one photon exchange amplitude between two conserved 
currents j and j in QED^. 

= (5.12) 
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We decompose currents into positive and negative frequency parts 

POO 

j^i^) = / dujexp{-iujx^)j^{uj,x), 







oo 



j/ii^) = / dujexp{iujx)j^{uj,x). (5.13) 



We rewrite eq. (|5.12|) as follows 



\jd'^^J dyj^ {x'^,x) -\x-y\,y) 

+ \jdS J dxj^iy' -\x-y\,x)j^^r''{y',y). (5.14) 

In this way we find retarded Lienard-Wiechert type interactions. The point we would like to 
make here is that covariance implies causality. Since ten dimensional covariance is manifest in 
IIB matrix model, it naturally leads to ten dimensional causality in Minkowski space-time. 
On the other hand, ensuring ten dimensional causality is highly nontrivial in AdS /CFT 
correspondence!^ . 



We recall the relevant part of the NCYM action as follows 

1 ,d 1 

) 2 

The energy momentum tensor can be read off from it in the low energy limit as 
So we can rewrite the gravitational interaction eq.( ^.ll| ) as follows 



{x-y) 

We recall the d dimensional propagators 



I2g'j d^x J d%-^^J,,{x)T^''{y). (5.17) 



d'^p 1 T{^) 1 

-exp{ip-x) = \ (5.18) 



For d = 10, we obtain 

The gravitational coupling k is found to be 

^2 = lQT^^g\ (5.20) 
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We also read off the d dimensional Yang-Mills coupling from eq.( |5.15| ) as 



9ym = C'^'~'^/'9'{27rf/'. (5.21) 
Here we quote string theory predictions: 

= \{2irygla'\ gl,, = {2^Y-^g,a'^'-')'\ (5.22) 



Eq.( ^.22|) agrees with eq.( |5.20|) and eq. (|5.21|) with our identification = C. We also 



find that the IIB matrix model coupling can be expressed by a'^^j and gg as 

g^ = (27r)^,<^/. (5.23) 

which is consistent with our previous estimate through D-strings|I|]. What these investiga- 
tions indicate is that NCYM is superstring theory with the above identified string scale and 
string coupling. We have argued that it is superstring theory on the von Neumann lattice. 
Since the lattice spacing l^c is not visible in the low energy limit, it may be expected that 
it behaves like ordinary superstring theory in the low energy limit. 

We find that the gravitational interaction eq. ( ^.17|) exhibits the identical power law be- 
havior l/(x — irrespective of the dimensionality of the backgrounds d. It appears as if 
these background represent D-branes in fiat ten dimensional space-time. However we argue 
that such an interpretation is premature since we have only considered the one loop effect 
here. We argue that a more reliable picture is obtained through supergravity approach which 
allows us to investigate nonperturbative effects. 

As it is explained in section 2, we find Newton's force law with these backgrounds. This is 
due to the existence of a massless bound state a la Randall and Sundrum. Such an effect is not 
visible in the perturbative calculations in this section. Therefore the supurgravity description 
of NCYM4 suggests a nonperturbative compactification mechanism in IIB superstring and 
matrix model. 

In the matrix model construction, the longitudinal size of the system is bounded by 
Ijycn^^^- It also implies that the transversal size r is bounded by Inc^^^^ since it is identified 
with the maximum energy scale of the system (multiplied by l%c)- eq. (|2.8| ), the dilaton 
expectation value is 0(1) at the noncommutativity scale ~ 1. We then find g^o is 0{l/n) 
since the dilaton decays like 1/r^ beyond the noncommutativity scale. We have fixed A = 
gooOi''^b'^ to be 0(1) which implies that a'b ~ ^/n. We conclude that l^c ~ h/n^^^ and r 
never exceeds 0{ls) where Ig is the string scale. Therefore there is simply no region with 
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r > Is in the matrix model. We have taken the noncommutativity scale to be 0(1) and 
the cuff-off scale of r becomes 0{n^^^). The cut-off can be removed in the large n limit of 
the matrix model construction. In this way we can realize the entire space-time which is 
described by eq.(|2.8|). 

6 Conclusions and Discussions 

In this paper we have argued that we can obtain Newton's force law with NCYM4. Since 
it contains four dimensional gauge theory and gravitation, it is a candidate of the unified 
theory. It can be regarded as a compactification of ten dimensional IIB superstring straight 
down to four dimensions. It is naturally obtained in IIB matrix model with noncommutative 
backgrounds. Therefore it provides a nonperturbative compactification mechanism of matrix 
models. 

We have identified the bi-local fields as the zero modes of open strings. They can be 
interpreted as the 'momemtum' and 'winding' modes on the von Neumann lattice. Our 
identification of the effective string scale with the noncommutativity scale is consistent with 
the exact T-duality which interchanges the 'momentum' and 'winding' modes. Although we 
have identified the zero modes of open strings, we have not constructed oscillator modes. We 
expect to find them in higher order diagrams. Let us consider a propagator (ribbon diagram). 
We associate it with a bi-local field since the double lines of the ribbon are mapped to two 
distinct space-time points. We need to draw many loops inside the ribbon at higher orders in 
perturbation theory. We can assign a space-time point to each loop. Our conjecture is that 
such an object can be interpreted as the propagator of oscillation modes. These arguments 
are illustrated in Figures 3 and 4. 

It is important to recall here that we identify the string coupling with the topological 
expansion parameter of the Feynman diagrams of NCYM. It is not equal to the NCYM 
coupling although the both are related in the low energy limit as suggested by supergravity 
solutions. The tree level string propagator is obtained by summing all planar diagrams. Our 
proposal that NCYM with maximal SUSY may be interpreted as superstring theory on the 
von Neumann lattice should be understood in this context. 

As we have pointed out, NCYM is obtained with a particular classical background in 
IIB matrix model. IIB matrix model is postulated as a nonperturbative formulation of 
superstring theory. In our proposal, the matrices are to be interpreted as space-time 
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Figure 3: Propagators of bi-local fields. The two end-points are mapped onto space-time 
coordinates. 



Figure 4: Higher order corrections to propagators of bi-local fields may render the bi-local 
fields stringy. 

coordinates. If so, d dimensional distributions of eigenvalues of matrices represent d di- 
mensional space-time. It is then expected that we find d dimensional gauge theory and 
gravitation with such a background. In this paper we have argued that it is indeed the case 
with maximally supersymmetric backgrounds. From the findings in this paper, we draw the 
conclusion that NCYM provides a strong support for our basic premises of our IIB matrix 
model conjecture. 
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